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Abstract
I give a simple discussion of the accuracy limits of quantum interferometry using an elementary
application of Bayes theorem. This work is motivated, in part, by the appearance in the literature of
partially incorrect results. My aim is to give consistent results and a compact, if formal, discussion
of the ideas of Bayesian analysis of quantum phase measurements.
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Using the methods of Refs. [1, 2] and an elementary application of Bayes theorem, we
can derive the probability of the phase having the value θ, if the input state |Ψ〉 is observed
at the output of a Mach-Zehnder interferometer:
P (θ) = |〈Ψ|eiθLˆ2|Ψ〉|2 = 1− θ2
(
〈Ψ|Lˆ22|Ψ〉 − 〈Ψ|Lˆ2|Ψ〉
2
)
+ ..., (1)
where
Lˆ2 =
1
2i
(aˆ†bˆ− bˆ†aˆ). (2)
We have used an expansion around zero, because we assume that prior knowledge restricts
the phase to the neighborhood of zero. We will also assume that the observation is further
repeated, narrowing the uncertainty in θ.
If M copies (we assume that M is large) of the state are sent through the interferometer,
with a null result every time, the probability of the phase being θ is given by the expression
P (θ)M ≈ e−Mθ
2(〈Ψ|Lˆ22|Ψ〉−〈Ψ|Lˆ2|Ψ〉2) = e−
1
2
θ2/∆θ2 , (3)
where
1
∆θ2
=
M
2
(
〈Ψ|4Lˆ22|Ψ〉 − 4〈Ψ|Lˆ2|Ψ〉
2
)
. (4)
We can write the operator 4Lˆ22 as
4Lˆ22 = −bˆ
†2aˆ2 − aˆ†2bˆ2 + 2aˆ†bˆ†bˆaˆ+ aˆ†aˆ+ bˆ†bˆ. (5)
The form of Eq. (5) is useful, because the operators are normal-ordered. Assuming that |Ψ〉
is the direct product of two Fock states
|Ψ〉 = |na〉 ⊗ |nb〉, (6)
using Eq. (4) and (5), we obtain the result
1
∆θ2
=
M
2
(2nanb + na + nb). (7)
If we define as N the total number of photons, then M = N/(na + nb) and
1
∆θ2
=
N
2na + 2nb
(2nanb + na + nb). (8)
Special cases of Eq. (8) are the following: If na = 1 and nb = 0,
1
∆θ2
=
N
2
. (9)
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If na = nb = 1,
1
∆θ2
= N. (10)
If na = nb = n,
1
∆θ2
=
N
2
(n+ 1). (11)
Eq (9) is (our version of) the Standard Quantum Limit (SQL). Eq (10) shows that correlated
photons pairs beat the SQL by 3 dB. (Ref. [1] incorrectly states that photons pairs are
not better than SQL. This “result” is obtained by using a large-l asymptotic expansion of
Pl(cos θ) for l = 1. This is equivalent to dropping the 1 in Eq. (11), because is negligible
compared to n, and then setting n to 1. My aim in this note is not to pick nits in Ref. [1],
but to show how its results can be extended to states different from Fock states. However, I
have to point out that Eq. (39) in Ref. [1] is also incorrect: the asymptotic expansion used
is only valid for large l and small argument.)
I will discuss next states of the form
|Ψ〉 = |ψa〉 ⊗ |be
iφ〉, (12)
where |beiφ〉 is a coherent state:
bˆ|beiφ〉 = beiφ|beiφ〉, (13)
and |ψa〉 is an arbitrary state of the aˆ photons. Using the state of Eq. (12) in Eq. (4), we
get
1
∆θ2
=
M
2
[
〈ψa|
(
−b2e−i2φaˆ2 − b2ei2φaˆ†2 + 2b2aˆ†aˆ + aˆ†aˆ + b2
)
|ψa〉+ b
2〈ψa|
(
e−iφaˆ− eiφaˆ†
)
|ψa〉
2
]
.
(14)
Since the average numbers of photons in the state |ψa〉 is
na = 〈ψa|aˆ
†aˆ|ψa〉, (15)
and the average number in the state |beiφ〉 is
nb = b
2, (16)
the (average) total number of photons is
N =M (na + nb) . (17)
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We can then write the general result in the form
1
∆θ2
=
N
[
b2〈ψa|
(
e−iφaˆ− eiφaˆ†
)
|ψa〉
2 − b2〈ψa|
(
e−iφaˆ− eiφaˆ†
)2
|ψa〉+ na
]
2 (na + nb)
. (18)
We define, for an arbitrary β,
Qˆ(β) = e−iβaˆ+ eiβ aˆ†. (19)
Eq. (18) can then be rewritten as
1
∆θ2
=
N
{
nb〈ψa|
[
∆Qˆ(φ− pi
2
)
]2
|ψa〉+ na
}
2 (na + nb)
, (20)
where
∆Qˆ(β) = Qˆ(β)− 〈ψa|Qˆ(β)|ψa〉. (21)
Eq. (20) is the main result of this note. It is valid for an arbitrary state at the a input—if
a coherent state is present at the b input. It is expressed in term only of the average photon
numbers and of the standard deviation of the quadrature amplitude Qˆ(φ − pi
2
) in the state
|ψa〉. This result is exact—in the sense that we have not made any approximation in Eq. (4).
In particular, we have not made the assumption that b2 is large compared to the photon
number in the state |ψa〉: the expression is not linearized.
If the state |ψa〉 is also a coherent state, Eq. (20) reduces exactly to Eq (9): the SQL. In
particular this is true if |ψa〉 is the vacuum state (the vacuum state is a coherent state!)
If the state |ψa〉 is a squeezed vacuum state,
|ψa〉 = e
(z∗aˆ2−zaˆ†2)/2|0a〉, (22)
where
z = reiψ, (23)
we have
1
∆θ2
=
N
{
nb [cosh 2r − sinh 2r cos(ψ − 2φ+ pi)] + sinh
2 r
}
2
(
nb + sinh
2 r
) . (24)
(For a discussion of squeezed states and a derivation of the result used above for the standard
deviation of the quadrature amplitude, see Chapter 21 of Ref. [3].) Eq. (24) has a maximum
at ψ = 2φ (we assume r > 0), where it has the form
1
∆θ2
=
N
(
nbe
2r + sinh2 r
)
2
(
nb + sinh
2 r
) . (25)
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If we now take nb ≫ sinh
2 r, we see that we can beat the SQL by a factor e2r. This is, of
course, a well-known result (originally derived in Ref. [4]). The point of this note was to
derive it using the methods of Ref. [1].
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